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Mathematical writing is one way for primary students to communicate their mathematical thinking. Research
in the field of writing has shown that to become an effective teacher of writing, preservice teachers must
have experience engaging in the kinds of writing given to their students. The study reported in this paper
explored how 27 preservice teachers enrolled in an elementary mathematics methods course explained their
reasons for selecting strategies to solve equations that required making either addition or subtraction
calculations. Element scoring was used to analyse the preservice teachers’ reasons for selecting the strategy
and the composition of their mathematical writing. Results indicated that the majority of preservice teachers
included a mathematical reason for selecting their strategy, however; the reasons varied in their connection
to the mathematics discipline. This study contributes to the existing literature on mathematical writing by
providing insight into how preservice teachers explain their mathematical reasons for selecting a
computation strategy; thereby, demonstrating the need for increased opportunities for preservice teachers
to write.
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The concepts taught in primary mathematics teacher education courses are typically familiar to
preservice teachers (PSTs). Mathematics methods courses are designed to support PSTs in learning how
to teach such concepts. One instructional method recommended by the National Council of Teachers
of Mathematics (NCTM, 2000) is mathematical writing. It follows that PSTs need to learn how to engage
elementary students in mathematical writing about various concepts and procedures (AMTE, 2017).

Writing in mathematics provides students an opportunity to individually document their thinking,
“see” their ideas (Colonnese et al., 2018), reflect on and clarify their thinking (NCTM, 2000), engage in
an active construction of knowledge (Cross, 2009), and increase their use of formal vocabulary (Cohen
et al., 2015). Importantly, writing to learn efforts, including mathematical writing, have been found to
have a significant effect on students’ learning of mathematics and ability to communicate (Graham et
al, 2020). While there are many benefits to writing in mathematics, PSTs often come into teacher
preparation programs with limited experience with this mode of discourse from their primary and
secondary education (McCarthy, 2008), and therefore may not know how to support their future
students with mathematical writing.

Researchers in the field of writing instruction found that for teachers to become effective teachers
of writing, they need opportunities to participate in the kinds of writing given to their students (Graves,
1983; Grossman et al., 2000; National Commission on Writing, 2003). Since mathematical writing is a
genre of writing, PSTs would benefit from engaging in the kinds of writing tasks given to their students.
Such experiences could help PSTs become effective teachers of mathematical writing.

Given that PSTs often lack experience with mathematical writing and elementary students need
opportunities to explain their thinking through writing (NCTM, 2000, 2014), it is worthwhile to study
how PSTs communicate their mathematical thinking through writing. Such insights can inform aspects
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for mathematics teacher educators to consider when supporting PSTs in developing the skills needed
to be effective mathematics teachers. The purpose of the study reported in this paper was to contribute
to this area of research by exploring how PSTs enrolled in a course focused on methods for teaching
mathematics to primary students explained their reasons for selecting strategies to solve an addition
and a subtraction equation through writing.

Conceptual Rationale

Primary students who explain and justify their mathematical thinking have opportunities to deepen their
understanding of the mathematical concepts (NCTM, 2014). Engaging students in such processes also
contributes to the development of students’ computational fluency, a central focus in the primary
grades in the United States (Kilpatrick et al., 2001; NCTM, 2000). Computational fluency is also one of
the Proficiencies of the Australian Curriculum: Mathematics (2013). Computational fluency includes the
knowledge of multiple strategies, the ability to select a strategy that works best for a given expression
or equation, and the skills to accurately apply the strategy consistently and efficiently (Baroody et al.,
2014; NCTM, 2014; Rittle-Johnson & Star, 2007), as well as being able to explain application of the
strategy (NCTM, 2014). For example, primary students who can compute fluently may think to solve 78
+ 22 as (78 + 2) + 20. In the example of (78 + 2) + 20, students explaining their approach have an
opportunity to record their individual understanding of partitioning 22 into two tens and two ones and
the use of the associative property. In addition, students who are asked to justify their approach, may
consider why this was or was not an effective strategy for solving the equation.

Importantly for primary students solving expressions such as 78 + 22 and writing about the process
and/or justifying the approach supports the development of metacognitive skills (Cross, 2009; Pugalee,
2001). Metacognition includes a student’s self-awareness and self-regulation of their cognitive
processes (Campione et al., 1989), which are essential skills for successful problem solving (Davidson, &
Sternberg, 1998; Hoffman & Spatariu, 2008; Schoenfeld, 1987). The permanent and explicit nature of
writing offers students the ability to continuously monitor their progress while solving and then reflect
on and evaluate the efficacy of their strategy and accuracy of their solution (Graham et al., 2013). The
active nature of writing allows students to explore new ideas (Applebee, 1984). The exploration of new
ideas is important for developing and refining computation strategies and adapting previously learned
strategies to solve novel mathematics expressions/equations.

Although writing can offer students many benefits for learning mathematics, interpretations of what
that means vary. Bossé and Faulconer (2008) suggested that the ambiguity in the use of writing during
mathematics has resulted from failing “to distinguish reading and writing about mathematics from
reading and writing in mathematics” (p. 10, original emphasis). Another factor is that the research
literature on writing during mathematics classes includes a variety of definitions, types, purposes, and
connections to the mathematics discipline (Colonnese, 2020). To clearly define mathematical writing,
we used the purpose put forth by the Elementary Mathematical Writing Task Force—writing to reason
and communicate mathematically (Casa et al, 2016). The Task Force’s purpose aligns with the study
focus: exploring the PSTs’ written communication and reasons for selecting a strategy to solve both an
addition and subtraction equation.

Mathematical Reasoning

Reasoning is central to learning and doing mathematics (Battista, 2017; Ball & Bass, 2003) and students
need opportunities to explain their reasoning in writing (NCTM, 2000, 2014; Kramarski & Mevarech,
2003). Adding It Up, a seminal document in the United States exploring how students learn mathematics,
described mathematics proficiency as five interdependent components, noting adaptive reasoning as
one of those components (Kilpatrick et al., 2001). Adaptive reasoning can be described as “the capacity
for logical thought and for reflection on, explanation of, and justification of mathematical arguments”
(Kilpatrick, 2001, p. 107). Similarly, curriculum documents such as the Australian Curriculum:
Mathematics define mathematical reasoning as “logical thought and actions, such as analysing, proving,
evaluating, explaining, inferring, justifying, generalising” (Australian Curriculum Assessment and
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Reporting Authority, 2013, p. 2). Both descriptions of mathematical reasoning emphasise logical thought
and explanation. For the study described herein, we defined mathematical reasoning as logically
justifying and explaining one’s mathematical actions.

Researchers have noted that primary and pre-service teachers’ knowledge of mathematical
reasoning is often limited, with confusion about what reasoning entails (e.g., Simon & Blume, 1996;
Loong et al., 2013; Stylianides et al., 2007). For example, one primary teacher in Loong et al.'s (2013)
study when asked to describe what reasoning means shared, "I don't know ... a lot to do with the
understanding behind the mathematical concepts” (p. 470). In this example, the teacher struggled to
articulate what was understood as reasoning.

Further, researchers have found that undergraduate students often connect mathematical
reasoning to a well understood algorithm and rarely ground their reasons in the appropriate
mathematical concepts (Bergqyvist et al., 2008; Lithner, 2000). Given that there is limited understanding
about what mathematical reasoning entails, it is warranted to support PSTs in developing a deep
understanding of mathematical reasoning. Writing is one way for PSTs to engage in and communicate
their mathematical reasoning.

Written Mathematical Reasoning

Explaining mathematical reasoning through writing is often challenging for students (Evens & Houssart,
2004; Kostos & Shin, 2010; Tan & Garces-Bacsal, 2013). Evens and Houssart (2004) found that when
eleven-year-old students were asked to explain their reasoning, the students appeared to understand
the mathematics but were unable to provide sufficient explanations. Monoyiou et al. (2006) noted that
fifth- and sixth-grade students provided no justification or attempted to justify their thinking with a
series of numerical examples. Similarly, in a study of eighth-grade students’ expository writing, Shield
and Galbraith (1998) identified a lack of reasoning and justification for students’ mathematical
algorithms. Norton et al. (2009) also realised this challenge in a study of mathematical letter writing
between high school students and preservice teachers. The researchers found that reasoning and proof
took longer to develop in students’ writing.

Because it is likely that students will struggle with writing their mathematical reasoning, multiple
opportunities during mathematics class to write and receive feedback on their written mathematical
reasoning is needed. Primary teachers understand the importance of including writing during
mathematics class (Powell et al., 2021). However; because of curriculum demands and/or the time
needed to plan and implement a writing activity (Fukawa-Connelly & Buck, 2010), classroom teachers
report using a low frequency of mathematical writing tasks, with few assessing the writing (Kosko, 2016;
Powell et al., 2021). One way to address this challenge is to prepare PSTs to engage their future students
in writing to reason mathematically. Drawing on the recommendations from researchers in writing
education (e.g., Graves, 1983; Grossman et al., 2000; National Commission on Writing, 2003), for PSTs
to develop the skills needed to implement mathematical writing, they need opportunities to personally
engage in writing to reason mathematically during their teacher preparation programs. A better
understanding of the challenges PSTs face when communicating their mathematical reasoning through
writing can inform mathematics teacher educators’ decisions about the kinds of opportunities for
mathematical writing that PSTs need.

Mathematical Writing in Teacher Preparation Programs

Researchers from writing education recommend that teachers of writing need to be writers themselves
(McDonald et al., 2004; Colby & Stapleton, 2006; Blau, 1988). Teachers “must be grounded on their own
personal experience as writers-as persons who know first-hand the struggles and satisfactions of the
writer's task” (Blau, 1988, p. 31). Further, Frank (2003) found that teachers’ awareness of their own writing
processes enhanced the teachers’ ability to model the writing process for students and to identify and
teach important writing strategies.

Many practicing teachers, however, do not feel comfortable teaching writing, with some feeling as
though they did not learn to write well themselves as students (Morgan, 2010). Within mathematics
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teacher preparation, studies have revealed that the majority of PSTs have not used writing in
mathematics and are often unsure about the benefits of using writing during mathematics class (Kenney
et al., 2014; McCarthy, 2008; Ward, 2005). To address the lack of experience with writing, the National
Commission on Writing (2003) recommended that universities should require writing as a component
of PST's education. In line with these recommendations, some mathematics teacher educators have
used different strategies to integrate writing within mathematics methods and content courses. For
example, Kenney et al. (2014) implemented a writing to learn mathematics activity and a reflection.
Danielson (2010) had PSTs write a paper that had three components: “(1) learn to perform the algorithm;
(2) work a variety of problems using the algorithm; and (3) analyse the algorithm using the themes of
the course” (p. 378). McCarthy (2008) engaged PSTs in using a graphic organiser to rehearse writing in
the college classroom and then PSTs used the same graphic organiser in the primary school classroom.
Ward (2005) incorporated children’s literature and writing within a primary mathematics methods
course. Each of these writing activities offered PSTs an opportunity to engage in mathematical writing
or to read the writing of students.

After engaging with writing in mathematics, PSTs responded positively to this instructional practice
and reported that they were likely to use writing with their mathematics instruction (Kenney et al., 2014;
McCarthy, 2008; Ward, 2005). Danielson (2010) and McCarthy (2008) found that writing also provided
the PSTs an opportunity to think critically about mathematical concepts. Such findings support the
likelihood that by providing PSTs with opportunities to write they will use writing in their future
classrooms. However, as Kenney et al. (2014) note, further research is needed to examine the use of
writing tasks in mathematics teacher preparation programs.

Because PSTs have responded positively to writing mathematically and effective teachers of writers
engage in the kinds of writing given to their students, our goal in the undergraduate mathematics
methods course was to provide authentic opportunities for our PSTs to engage in mathematical writing.
We decided to specifically focus on having our PSTs engage in written mathematical reasoning since
this is an area of difficulty for many primary students and teachers (Evens & Houssart, 2004; Kostos &
Shin, 2010; Tan & Garces-Bacsal, 2013). The purpose of this study is to describe the process for preparing
and engaging PSTs in written mathematical reasoning and explore how the PSTs communicated their
mathematical reasons for selecting a strategy to solve an addition and subtraction equation. Specifically,
the research questions that guided this study are:

1. How do preservice teachers communicate their mathematical reasoning in writing?
2. What are the challenges preservice teachers face with communicating mathematical reasoning
through writing?

Findings from this study can help to inform aspects to consider when preparing, engaging, and teaching
PSTs about mathematical writing.

Method

Context and Participants

The participants in this study were a convenience sample of 27 PSTs at a large southeastern university
in the United States. To ensure participant confidentiality, data analysis did not begin until the
conclusion of the semester and all names were removed prior to analysis. Institutional Review Board
approval was received for the study. Twenty-four of the participants were white females and three of
the participants were white males. The participants were second- and third-year undergraduate
university students completing their first semester of education courses. The course where the study
took place focused on pedagogies and content knowledge for teaching mathematics to students in the
primary grades. The course covered mathematics topics such as counting and cardinality, addition and
subtraction within 1,000, geometry, and measurement, with a central focus on eliciting and interpreting
student thinking. During the course PSTs are introduced to different ways to elicit student thinking such
as questioning strategies and the use of writing.
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Introducing and Engaging PSTs in Mathematical Writing

To prepare the PSTs for mathematical writing, the PSTs engaged in various activities to develop their
understanding of reasoning and ability to write. Mathematical reasoning was introduced in the first two
weeks of the course and then discussed throughout the semester. Collectively, we developed a shared
understanding of mathematical reasoning after reviewing different student work samples and
discussing NCTM's vision for mathematics teaching. NCTM's vision for mathematics teaching
emphasises a high-quality education for all students that promotes aspects such as collaboration,
participation in discussions, and engagement in challenging math tasks (2014). Then in Week 4 of the
course, PSTs analysed and identified tasks that would provide students an opportunity to reason
mathematically.

The mathematics content focus for the course when the study took place (Week 6) was
computational fluency. During this portion of the course, the PSTs were introduced to the idea of
Number Talks (Parrish, 2011) to help them learn about strategies for adding and subtracting. According
to Parrish, a number talk is a brief discussion about the strategies used to solve a purposefully selected
equation or expression. First, the PSTs watched a video of a teacher leading a number talk and were
prompted to reflect on both the ways the teacher led the number talk and the students responded. PSTs
were encouraged to analyse how students explained and justified their thinking. Next, we discussed
how the responses by students demonstrated different kinds and levels of mathematical reasoning.
Then, the PSTs planned their own number talk to implement in their field placement.

To develop the PSTs methods for teaching adding and subtracting multi-digit numbers, PSTs were
asked to solve two equations, one with subtraction and the other with addition, using any strategy
except the traditional algorithm (see Table 1 for an example of the traditional algorithm). The reason
PSTs were asked not to solve using the traditional algorithm was because, in our experience, it is often
the only strategy that PSTs think of when prompted to solve mathematical equations (AMTE, 2017). The
goal of the activity was for the PSTs to use a variety of strategies based on place value, properties of
operations, and/or the relationship between addition and subtraction.

The PSTs worked with partners to solve the equations on a whiteboard. Each group was asked to
explain in words how they solved and why they selected that specific strategy. PSTs then walked around
the classroom and discussed the various strategies their classmates used. As a class, we discussed the
reasons for selecting a strategy, how to improve the justification for using a strategy, and the efficiency
of the strategy selected for solving a particular equation. PSTs modified their responses with their
partner based on the group discussion. Table 1 provides a description of the strategies the PSTs were
introduced to during the course. The examples in the table represent one way to use the strategy. We
recognise that there are different ways to apply these strategies to solve 135 + 167 and 54 — 35.

PSTs completed different tasks such as, explaining in writing why the expressions 22 — 9 and 23 -
10 had the same value. PSTs received feedback from the course instructor about the mathematical
concepts and/or the composition of the writing. For example, one PST responded by stating, "The
answer is the same, yes, 1 was added to 32 and 1 to 19 to still give the same answer 13.” The course
instructor provided feedback to the PST by asking questions like, “What if 1 was only added to the 32,
would the expressions still be the same value? Why or why not?” The purpose of posing these questions
was to help the PST understand ways to further expand the response and describe the justification for
the claim made. Also, outside of class time, the PSTs read about different strategies used with
subtraction and addition.

MERGA 27 ﬁ



PST written mathematical reasoning

Colonnese & Casto

Table 1
Strategies for Addition and Subtraction
Strategy Definition Example
Addition Subtraction
Partial Sums Adds/subtracts the numbers of the 135 + 167 = 54 —35 =
same place value. Then 100 + 100 = 200 50— 30 = 20
adds/subtracts the total for each
30+60=90 4-5=-1
place value. =
Sr7=12 20-1=19

Making Friendly
Numbers

Traditional or
Standard Algorithm

Number Line

Concrete Model

Adds/subtract a certain amount to
make computation more efficient.

Adding/subtracting starting from the
ones place and regrouping when
needed.

Adds/subtracts using a number line.

Adds/subtracts using a
representation such as base 10
blocks.

200 + 90 + 12 = 302

135+5=140 35+5=40
167 +3 =170 54 —40 = 14
140 + 170 = 310 14 +5=19
310-8 =302
11135 4514
+ 167 —35
302 19
+00 o -5 30
s gy-3%=11
(3541 =303
[35+ 167
T1 O 1”& lvall:
A |bT-re
3
5y
5 0

After the PSTs received feedback about their response evaluating the expressions 22 — 9 and 23 -
10, the PSTs were asked to respond to the question in Figure 1 (used for analysis in this study). The PSTs
responded to the question as part of a homework assignment and submitted responses through the
online learning management system. Directions for the assignment were given in class, posted on the
assignment, and PSTs were able to ask questions before responding. The PSTs' responses were not
analysed as data until the conclusion of the semester.

Solve 135 + 167 = X using two different addition strategies.
Explain your mathematical reasoning for choosing each strategy to solve the equation.

Solve 54 — 35 = X using two different subtraction strategies.

Explain your mathematical reasoning for choosing each strategy to solve the equation.

Figure 1. The question prompt given to PSTs.

The equation in Figure 1 was created to align with the Common Core State Standards (CCSS) for
Grade 2, to "add and subtract within 1,000, using concrete models or drawings and strategies based on
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place value, properties of operations, and/or the relationship between addition and subtraction; relate
the strategy to a written method” (2010, p. 19). The Common Core State Standards were used because
this document was either adopted, adapted, or informed the mathematics standards in each state in the
United States and the PSTs in the study were preparing to become teachers in the United States. We
chose to incorporate the composition and decomposition of tens and hundreds in the equation because
this is an important component of adding and subtracting in Grade 2 (Fuson & Beckmann, 2012). We
used a writing feature “Explain your mathematical reasoning ..." (Casa et al.,, 2019) in the question
prompt to direct PSTs to include the mathematical reasons for selecting their strategy in their response.
Lastly, the question prompt was reviewed by two researchers who are experts in mathematical writing.
Both researchers were involved in leading a task force to define elementary mathematical writing, have
collectively published several articles related to mathematical writing, and supported teachers with the
implementation of mathematical writing. Feedback from the researchers was used to revise the prompt
given to PSTs (Figure 1).

Data Analysis

To analyse the PSTs' writing, we reviewed other studies of students’ mathematical writing to identify
common approaches. Rubrics are one approach that has been used to assess mathematical writing
(Cohen et al., 2015; Kasmer & Kim, 2012; Kostos & Shin, 2010; Lim & Pugalee, 2004). In developing a
rubric to analyse the PSTs’ responses, we first recognised that mathematical writing is multi-faceted
including: content knowledge, general writing skills, writing skills and language that are specific to the
mathematics discipline (Namkung et al, 2020). To capture the multi-faceted nature of writing, we
analysed elements of the PSTs' mathematical reasoning and the composition of their mathematical
writing. Element scoring provides a “detailed picture of the students’ strengths and weaknesses, and
instructional targets” (Namkung et al., 2020, p. 174). A detailed description of the PSTs' mathematical
writing was necessary for answering our research questions because we were seeking to understand
how PSTs communicated their mathematical reasons and the challenges they faced. We also selected
this method because it has been shown to be reliable and valid in other studies (Hebert & Powell, 2016;
Powell & Hebert, 2016).

We first analysed the PSTs' writing to identify common elements in the PSTs’ written expressions of
mathematical reasoning. We inductively coded the responses (Merriam, 2002) and identified three
elements (described in Table 2): (1) connection drawn between the equation and strategy; (2) reason
related only to the strategy; (3) related to future students. We also coded responses in a fourth category,
no reasons present, such that the response did not include an element that described the PSTs’ reasons
for selecting the strategy. Table 2 provides the elements of mathematical reasoning, a definition, and
an example from the data.
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Table 2

Elements of Mathematical Reasoning for Strategy Selection

Element

Definition

Example (element is /talicised)

Reasoning is
connected to the
equation and
strategy

The response makes an explicit
connection between the
mathematical reasons for selecting a
strategy and the equation.

“(135+167) +(-33+33) 102+200= 302

| used this strategy because it is easier to add 200
and 102 than it is 135 and 167 because of the
change in the place values on the number 167."

Reasoning is
related only to the
strategy

A response that makes a general
connection between the
mathematical reasons for selecting a
strategy without referencing the
equation

“135 + 167 = _; 100 +100 = 200; 90 + 12 = 302

| chose this strategy for the logical reasoning of
being able to decompose numbers into place
values and being able to add the subtotals to
produce the sum."

Reasoning is
related to future
students

A response that appears to be driven
by pedagogical decisions or
assumptions for teaching the selected
strategy

“The first strategy | used was | said 50 — 30 = 20
and then I did 5—4 = 1. Then | subtracted

20 —1=19. This gave me 19 as my final answer. This
is a good strategy because it helps students work

with double digit subtraction that ends in 0 so it is
a bit easier as well as a single digit subtraction
problem that many students will have already
memorised. Finally doing 20— 1 = 19 is simpler,
and students should not have too hard of a time
with this."

No reasons present  The response does not include a

reason why the strategy was selected.

“One way | solved 54 — 35 is by decomposing it. |
knew 30 + 5 is the same as 35. So, | took away the
30 from 54. Then | counted back the remaining 5
from 24 to get 19.”

After identifying the three elements that described how the PSTs expressed their reasoning, we
noticed that the reasons varied in sophistication. To understand such differences, we compared the
elements we identified with other studies of students’ mathematical reasoning. Evens and Houssart
(2004) identified four categories: nothing on script, wrong or irrelevant, restatement, examples
given/tested, some degree of justification. Lithner (2008) offered a conceptual framework to help
characterise the different kinds of reasoning—imitative, algorithmic, and creative and the thinking
process involved. Both studies analysed students' mathematical reasoning within the context of an
argument or proof. We used the Lithner (2008) and Evens and Houssart (2004) studies to help
differentiate the levels of reasoning while recognising that the PSTs in this study wrote explanations
that were different from an argument (Casa et al.,, 2016). For example, Evens and Houssart (2004) note
that some justification in an argument was more advanced than merely providing mathematical
examples, as such we considered explanations where there was a connection made between the strategy
and equation as more sophisticated than responses discussing related students.

In our analysis we also identified some responses that included multiple elements, for example a
PST wrote a general reason why a strategy was selected and included why a future student might use
the strategy. In this case the response was coded for both elements. Each of the PST's responses was
analysed by both authors. The elements included in the responses were documented. Inconsistencies
between the elements identified in the writing were discussed and consensus was reached. Additionally,
we calculated the intercoder reliability (Miles & Huberman, 1994) as 92%.

Because mathematical writing is multi-faceted, we also analysed the PSTs' writing for elements
unique to mathematical writing. We posited that by identifying the elements unique to mathematical
writing we could more effectively realise the challenges PSTs face with regards to mathematical writing.
To identify such elements, we reviewed recent standards initiatives including: NCTM's Princijples and
Standards for School Mathematics (2000), NCTM's Principles to Action (2014), the Common Core State
Standards (CCSS) for Mathematics (National Governors Association, 2010) and AMTE's Standard's for
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Preparing Teachers of Mathematics (2017). We used the policy documents to identify the elements
unique to writing because the documents reflect expectations for students’ mathematical writing and
thus, the skills PSTs need to be able to help their students develop.

We first identified mathematically precise language as an element of mathematical writing. The
NCTM (2000) Communication Standard recommends that “by the end of high school years, students
should be able to write well-constructed mathematical arguments using formal vocabulary” (p. 62).
Additionally, the Common Core State Standard Mathematical Practice 6, suggests “mathematically
proficient students try to communicate precisely to others” and “use clear definitions in discussion with
others and in their own reasoning” (CCSS, 2010, para. 7). Further the Association of Mathematics Teacher
Educators (AMTE) Standards recommend, “they [well-prepared beginning teachers of mathematics] use
mathematical language with care and precision” (2017, p. 9).

The second element that we noted from the standards documents was that mathematical thinking
should be communicated clearly, coherently, and follow a logical progression. We identified this aspect
because the NCTM Communication Standard states that students’ writing “should become increasingly
sophisticated” (p. 60), and students should be able to “express themselves increasingly clearly and
coherently” (p. 62). The Common Core Mathematical Standard for Practice 3 recommends that students
"make conjectures and build a logical progression of statements to explore the truth of their
conjectures” (National Governors Association, 2010).

Lastly, we identified the use of mathematical concepts including mathematical properties,
meaningful use of symbols, and effective strategies as elements of written mathematical
communication. The AMTE Standards recommend that “teachers can explain their mathematical
thinking using grade-appropriate concepts, procedures, and language, including grade-appropriate
definitions and interpretations for key mathematical concepts” (2017, p. 9). NCTM suggests that
"explanations should become more mathematically rigorous and students should increasingly state in
their supporting arguments the mathematical properties they used” (2000, p. 62).

We used the three elements identified from the standards documents: (1) mathematically precise
language, (2) clearly, coherently, and follow a logical progression, and (3) use of mathematical concepts
including mathematical properties, meaningful use of symbols, and effective strategies to inform the
development of the framework used to code the PSTs' responses (Table 3). The definitions of the
elements are specific to the question prompt in the study. We only coded the responses where a reason
was present because the second research question addressed the challenges PSTs faced when
communicating mathematical reasoning. Each response was coded by both authors. Inconsistencies
were discussed and consensus was reached. We also calculated the intercoder reliability (Miles &
Huberman, 1994) as 81%.
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Table 3
Elements of Mathematical Writing

Element Definition

Example (element is /talicised)

PST uses more formal
mathematical language
conventional mathematics
terminology accurately.

Communicates precisely

The ideas shared in the
PST's response flow in a
logical progression that is
easy to understand.

Communicates clearly,
coherently, and logically

135 +167

200 + 90 + 12 = 302

Partial sums

This strategy works because | decomposed the
numbers into their place values: Aundreds, tens, and
ones. | added the subtotals together and that is how |
got my answer, this works because it brings out the
steps in a regular algorithm, making it easier to see
how the addition works in an algorithm.

/ added 5 to both numbers which made the problem
59— 40. This is easy to look at and see that the answer
is 19. It is much easier to work with a 40 and a 59 than
it is to work with a 54— 35.

The PST includes a
description of the
properties of addition and
place value.

Use of mathematical
properties

This strategy works because | decomposed the
numbers into their place values, hundreds, tens, and
ones.

Findings

In order to answer our two research questions, we first describe the frequencies of the elements specific
to mathematical reasoning (Table 4) and then those unique to mathematical writing (Table 5). We then
provide examples of the PSTs’ responses to further explain how the elements appeared in the PSTs'

writing.

Elements Unique to Mathematical Reasoning

Thirty-eight of the 52 responses to the prompt involving addition and 22 of the 50 responses to the
prompt involving subtraction included a mathematical reason (Table 4). The PSTs responses
demonstrated differences in how they expressed their mathematical reasoning. The other responses

collected did not include a mathematical reason.

Table 4

Frequency of Elements Related to Mathematical Reasoning

Addition Equations

Subtraction Equations

(n=52) (n = 50)°
Element Strategy 1 Strategy 2 Strategy 1 Strategy 2

Reasoning is connected to the equation and 10 8 7 6
strategy

Reasoning is related only to the strategy 9 8 2 5
Reasoning is related to future students 1 2b 1 10
No reasons present 6 9 15 12
Total number of responses 26 26 25 25

23Some PSTs did not respond to the subtraction equation prompt.
®One PST addressed future students and the selected strategy as part of their reasoning. The response was coded in both

categories.
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Reasoning is connected to the equation and strategy
Thirteen responses for the equation involving subtraction and 18 responses for the equation involving
addition were coded as making a connection between the strategy selected and the equation. The
strategies used to solve the subtraction equation included (number of responses in parentheses): the
traditional algorithm (1); friendly numbers (7); concrete model (3); number line (1); partial sums (1). For
solving the addition equation, two strategies were used, partial sums (9) and friendly numbers (9). Nine
of the PSTs who made a connection between the strategy and equation did so for at least one of their
responses to the addition equation and for the subtraction equation.

We considered responses that drew a connection between the equation and strategy as the most
advanced of the PST responses because they provided some mathematical justification for choosing the
strategy to solve the equation. For example:

54-35=X

| decided to subtract 5 from each number because | wanted to make 35 30 to make it easier to subtract.
Subtracting 5 from both sides gave me 49 — 30. This was easier to subtract than the original equation
because | was able to use the standard algorithm without have to carry. 49 — 30 is the same thing as 54 —
35 because there is the same amount of numbers in between them.

The PST draws a connection to the equation by stating that they subtracted 5 from both “sides”,
meaning from the minuend and the subtrahend. The reason for selecting this strategy was to solve the
equation without regrouping. Another PST shared:

135+ 167 =X

Partial Sums: 100 + 100 = 200 30 + 60 = 90 5 + 7 = 12. Total: 302. | chose this strategy because it is a
simple way to add two 3-digit numbers without having to carry over and keep the place, etc.

This PST described how adding within each place value also allowed them to add without
regrouping, however; this PST did not acknowledge the need to regroup when adding the sub-totals
together. It is also unclear as to what the PST meant by "keep the place.” While both responses draw a
connection between the strategy and equation, they also demonstrate the variation in how the PSTs
explained their mathematical thinking about the mathematical concepts used to carry out their strategy.

Reasoning is related only to the strateqy

A total of 24 responses included an element in the PSTs' response that described a general reason for
selecting the strategy. Seventeen of the responses included the following strategies for addition: partial
sums (9); traditional algorithm (3); concrete model (1); friendly numbers (4). Seven of the PSTs solved
the subtraction equation using the (number of responses in parentheses): traditional algorithm (3);
friendly numbers (1); partial sums (1); number line (2). The majority of PSTs' responses in this category
generally stated that they found the strategy more efficient and that it provided them with a visual.
Because the justification was grounded in the PSTs’ personal perspective, we considered such responses
as less advanced than those that drew a connection. For example:

135+ 167 =X

Conventional algorithm by stacking vertical and adding down and carrying over the tens. By stacking the
numbers, it is easier to visualise and see the numbers you are adding in the ones, tens, and hundreds
place. This is a fast way and shows how to track and carry over the tens.

In this example, the PST explained why they personally find the conventional algorithm as more
efficient rather than attending to the specific equation. The following PST used similar reasoning to
describe why they selected the number line:

54-35=X

This strategy is breaking down the numbers to be whole but making it also a good visual aid. Using simpler
numbers to better solve the problem, essentially solving it backwards.
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One PST similarly shared that the strategy was more efficient, however; in using this strategy, a
calculation error was made:

54-35=X

| broke the numbers down by place value and then reversed the numbers in the 1s place so there were no
negative numbers. | then took 3 away from 20 to get 17. Breaking down the numbers into smaller parts
allowed the problem to be less overwhelming. It allowed me to mentally solve the problem in a more
efficient way than it would be to use the standard algorithm.

The PST changed the 3 tens to 3 ones when subtracting. Without drawing a connection back to the
equation in the writing, the opportunity to notice the error in the solution was missed.

Reasoning is related to future students
Only two students based their mathematical reasoning on pedagogical decisions or assumptions about
teaching. The following is an example:

135+ 167 =X

The first strategy that | used was using partial sums method. The answer is 302. In this method, you would
add the two ones in the hundreds place which is 200, the 6 and the 3 in the tens which is 90 and then the
7 and the 5 in the ones place which is 12. When all are added together, you get 302. This is a good strategy
to use because it helps get a student’s mind on thinking about the hundreds place, the tens place, and
the ones place. It helps them also realise how the number is 302. It is important in addition to have a
strong understanding of place value.

In the example, the PST acknowledged the importance of having a strong understanding of place
value but does not explicitly state how using the partial sums strategy would contribute to this
understanding and uses “two ones in the hundreds place” instead of a more precise description of “two
one hundreds in the hundreds place.” We considered such responses as less advanced than drawing a
connection between the equation and strategy because the PST did not explain their mathematical
reasoning for choosing the strategy. We did, however, recognise that the PST was considering how the
strategy supported a student’s understanding of place value.

No reasons present
Fifteen of the 52 (addition) and 27 of the 50 (subtraction) responses did not include an element
describing the reason why the strategy was selected. For example:

135+ 167 =X

| did expanded form for adding these numbers. First, | expanded each number. 100 + 30 + 5 + 100 + 60
+ 7 Then | added the same place values together. 200 + 90 + 12 Then | added: 290 + 12 = 302.

In this example, the PST describes in words how they solved the equation but does not describe a reason
for why this strategy was selected. Sometimes, a PST showed an attempt at explaining their reasoning
with statements such as, “I know this works because...” or "l know | can...". For example:

54-35=X

Another way | did this was by breaking 35 into 30 + 5. | then did 54 - 30 to get 24. | then counted down
5 and arrived at 19. | knew | could do this because | rounded and subtracted that number and then just
counted down what was left over for me to subtract.

This response lacks a claim as to why or howthey know these methods work. As a result, such a response
did not include any elements that shared the PSTs reasons why they selected the strategy.
Elements Unique to Mathematical Writing

Next, we analysed the elements unique to mathematical writing. We found that PSTs faced various
challenges in clearly communicating their thinking. Table 5 details the frequency of the mathematical
writing elements from the 60 PST's responses that included a mathematical reason.
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Table 5

Frequency of the Elements Unique to Mathematical Writing
Element Unique to Mathematical Addition Reasoning Subtraction Reasoning Both  Neither
Writing (n=137) (n=23)
Communicates precisely 5 3 8 52
Communicates clearly, coherently, 23 13 36 24
and logically
Use of mathematical properties 3 2 5 55

Total number of responses analysed 60

Mathematically precise language
Eight PSTs' responses contained mathematically precise language. For example:
54-35=X

To solve this | used a number line, | started at 54 and counted backwards by 10s. 54--> 44--> 34--> 24
after counting back by 10's 3 times | counted back by one, 5 times. This strategy allowed me to visually
see how | was solving the problem as well as show the relationship between the two numbers.

The PST describes their procedural steps precisely using the terms tens, ones, and a representation of
their counting backwards by ten.

Fifty-two of the responses were identified as lacking mathematically precise language, including:
using related terms, using incorrect terms, and missing terms. A related term was an informal word or
phrase, but not the most precise one. For example, PSTs often used terms such as “round numbers”
instead of “landmark numbers” or “borrow” instead of “regroup”. Several responses, like the one below,
contained the term “carry” instead of “regroup”:

135+ 167 =X

The stacking strategy is usually my go to when solving subtraction by hand, because it is a good visual
aid. | chose this strategy because it is a simple way to add two 3-digit numbers without having to carry
over and keep the place, etc.

Other responses lacked necessary words or phrases to precisely convey the PSTs' mathematical
reasoning, for example:

54 -35=X

| had to borrow a one from the 5, making my 4 a 14. 14 - 5 is 9 and then | take the 4 — 3 and that creates
1, equaling 19.

The lack of using terms such as tens and ones when describing the numbers makes it difficult to
determine which 5 the PST is referring to within their explanation. Overall, the data revealed that a
majority of the PSTs in this study did not use mathematically precise terms to communicate their
thinking.

Clear, coherent, and logical thinking
Most of the PSTs structured their responses in a clear, coherent, and logical manner. For example:
135 + 167 = X
1 hundred block + 3 tens rods + 5 small cubes + 1 hundred block + 6 tens rods + 7 small cubes
7 + 5 becomes 1 ten rod with 2 left over.
There are now 10 tens rods which turn into 1 hundreds block.
Now we have 3 hundreds blocks, 0 tens rods, and 2 small cubes (ones) = 302

| used the drawing of manipulatives to add these two numbers because | knew which manipulatives
represented hundreds, tens, and ones. | also knew how to regroup using the drawings.
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Some of the PSTs' responses lacked clarity in the overall description of their strategy or the
reasoning for selecting the strategy, for example:

54-35=X

| took 4 away from each to make the numbers easier to solve in the ones place. 50 = 31. and counted the
difference from 31 to 50. This seemed to make it easier than 4 take away 5.

This response lacked enough information about why the PST first took away 4 from the minuend (54)
and subtrahend (35), and then counted the difference. Further explanation of the PSTs' reasoning could
have helped to illuminate why the decision was made to subtract 4 first.

Contains mathematical definitions or properties
Finally, we analysed the PSTs' responses to identify if they used definitions or properties. We found that
only four responses contained definitions or properties. As in the example below, the PST provided a
definition of the partial sums method:

135+ 167 =X

This strategy is called the partial sums method, where you add the digits by place value. | chose this
method because it helps me to organise the numbers in my head. | feel this method is helpful because it
breaks down the larger numbers in a step-by-step strategy.

The inclusion of a definition helped to determine how the PST understood the strategy and also helped
to describe why this strategy would make it easier for the PST to organise the numbers "in my head."
Although the question did not specifically prompt for PSTs to include a mathematical definition or
property, both the AMTE (2017) and NCTM (2000) Standards documents recommend that the use of
mathematical definitions or properties elevates the mathematical rigor of an explanation.

Discussion

In this study, we explored how PSTs communicated their mathematical reasoning in writing and the
challenges they faced. We examined the PSTs' written reasons, the use of precise mathematical
vocabulary, the structure of the explanation, and the use of mathematical properties and definitions.
The discussion that follows is organised by the two research questions.

Research Question 1. How do preservice teachers communicate their
mathematical reasoning in writing?

Overall, the findings showed that a majority of PSTs included a reason for selecting their strategy in
their responses. Because the task in this study called for the use of a strategy, it is reasonable that the
PSTs drew on the algorithm when writing their mathematical reasons. This finding is consistent with
other studies of students’ mathematical reasoning (e.g., Bergquist et al., 2008; Lithner, 2008). However;
as noticed during the data analysis similar to Evens and Houssart (2004), the kinds of reasons varied
across the responses.

We found the responses shared by the PSTs who relied on a strategy that they personally viewed
as most efficient may or may not have been efficient for the given equation. For example, several PSTs
selected the traditional or standard algorithm to solve the addition equation and explained that it was
quick to use. While the traditional/standard algorithm produced an accurate solution, it may not be the
most efficient strategy for computationally fluent students because they could use the relationship
between the numbers and use a strategy reflective of the relationship (Russell, 2000). The finding that
PSTs used a strategy regardless of the numbers, is similar to other studies of students’ computational
fluency (e.g., Boaler et al,, 2015). This suggests that the PSTs may have memorised strategies for solving
mathematical equations early on in their schooling rather than interacting with numbers flexibly.
Mathematical writing tasks, like this one, can help teacher educators uncover PSTs' internalised beliefs
about the efficiency of certain algorithms and more effectively support PSTs in critically challenging the
use of certain rote learning procedures.
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Mathematical writing also offers opportunities to engage in the metacognitive process (Pugalee,
2001), an important skill for computational fluency. The lack of connection between the PSTs' reasons
for choosing a solution method and the numbers in the calculation suggests that the PSTs in this study
may not have used writing to think critically about the strategy selected. This leaves questions about
the PSTs preparedness to help their future students self-regulate when determining the most effective
strategy. Helping PSTs become aware of their process when writing can enhance their ability to model
and teach important writing skills (Frank, 2003). As evidenced by the findings in this study, PSTs may
need opportunities to reflect on their mathematical writing to develop their metacognitive skills.

Similar to other analyses of primary and secondary students’ mathematical arguments where
students tend to struggle to explain their mathematical reasoning (e.g., Shield & Galbraith, 1998; Hoyles
& Kiichemann, 2002; Evens & Houssart, 2004), fifteen of the 52 addition and 27 of the 50 subtraction
responses did not include a description of their mathematical reasoning. Because the PSTs were familiar
with the mathematics, this suggests that the challenge for the PSTs may be the lack of exposure to
mathematical reasoning and proof writing in their prior school experiences (Stylianides et al., 2007) or
confusion about what reasoning entails (Loong et al., 2013). The lack of a mathematical reason in
responses in this study may also indicate that PSTs could likewise struggle to communicate
mathematically-situated reasons to future students, therefore reinforcing the use of procedures in a
purely imitative manner without connection to underlying meaning (Lithner, 2008).

In general, the PSTs" writing in this study reveals that there is a need for additional opportunities to
write mathematically. Students’ ability to communicate effectively through writing typically improves
quickly when engaged in several writing activities (Crespo, 2003; Norton et al., 2009) however; reasoning
and proof take longer to develop (Norton et al. 2009). Engaging PSTs in reading exemplar responses
and critiquing their own and their peers’ writing and reasoning may further help to improve their ability
to reason mathematically through writing.

Research Question 2: What are the challenges preservice teachers face with
communicating mathematical reasoning through writing?

In analysing the PSTs’ responses for elements unique to mathematical writing, the majority of responses
were well-organised but lacked mathematically precise language. The PSTs often used informal or
related terms to convey their ideas but not those accepted by the mathematical community as
mathematically precise. Similarly, Seaman and Szydlik (2007) found that the primary PSTs in their study
were mathematically unsophisticated, lacking enculturation into the mathematics community, and did
not attend to the given mathematical language when solving tasks. Our findings add to the current
understanding by identifying the common terms PSTs struggled with when explaining computational
strategies, such as carrying and borrowing. Teaching PSTs to use terms like minuend and subtrahend
can help them realise ways to more precisely describe a subtraction computation and can improve the
quality of mathematical language their future students learn.

Thompson and Rubenstien (2000) noted that the knowledge of mathematics vocabulary is
necessary for mathematics achievement and identify writing as one approach that can support the
development of precise mathematical language. Further, Cohen et al. (2015) found significant
differences between the use of formal vocabulary in second grade students who were engaged in a
curriculum that emphasised written and oral communication than those who were not. An area for
future research would be to compare PST written responses across a semester to explore if the use of
precise mathematical language changes.

In addition to the lack of precise mathematical language, a description of a mathematical property
or a definition were only identified in four responses. It is important to note that in those responses the
PSTs correctly and appropriately applied the mathematical property or described the definition. Such
findings suggests that few of the PSTs had a strong understanding of the mathematical concepts. In
most cases, the PSTs did not use a mathematical property. Ding et al. (2013) found that the textbooks
used by many PSTs did not provide conceptual support, which suggests resources used by PSTs may
not always give them the opportunity to understand such concepts deeply.
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This study demonstrates the need to investigate further PSTs' understanding of the mathematical
properties related to addition and subtraction. Such research is warranted because the "“mathematical
foundations for understanding computational procedures for addition and subtraction of whole
numbers are the properties of addition and place value” (Caldwell et al.,, 2011, p. 28). Additionally, PSTs
need to develop skills to assess student thinking and design instruction that is responsive to student
needs. Having a deep understanding of mathematical properties can help prepare PSTs to analyse
student work and develop lessons that effectively connect student understanding to the related
mathematics concepts (AMTE, 2017).

Limitations

Limitations within the study were noted. First, the PSTs responded to the writing task using the online
learning management system. Typing the response can limit the kinds of representations that the PSTs
used because it typically takes more time to upload a drawing. It may be helpful to create the task to
encourage the use of paper and pencil or virtual manipulatives so that PSTs can use a variety of tools
and representations to accurately convey their thinking.

Another limitation was that the audience for the PSTs writing was the course instructor. The
audience impacts how one composes their mathematical writing (Casa et al., 2016). As a result, the PSTs
may have responded in a certain way knowing that their instructor was reading and scoring the
response. For example, knowing that their instructor would likely be familiar with the strategies they
described in their writing even without the use of precise mathematical language, PSTs might have
opted to explain their reasoning in more simplified terms. Further research should be conducted with
varying audiences for the writing such as using pen pals (e.g., Phillips & Crespo, 1996) to see if there are
changes in the ways that PSTs compose their mathematical writing.

Implications for Practice

This study offers insight to how a group of PSTs described their mathematical reasons for selecting a
strategy to solve an equation. Writing tasks, like the ones used in this study, can help teacher educators
identify PSTs who may need additional support with mathematical reasons and elements unique to
mathematical writing. Additionally, writing tasks can offer opportunities for PSTs to further explore the
mathematics (Danielson, 2010; McCarthy, 2008) through the application of mathematical reasoning and
mathematically precise language. Writing tasks can provide the opportunity for teacher educators to
give individualised feedback to their PSTs. Some areas where PSTs may need additional support when
developing practices for mathematical writing include: 1) the precise mathematical language needed
for the task; 2) the appropriate mathematical reasoning; and 3) the mathematical properties relevant for
the task. Classroom activities to help provide such support may include more opportunities for PSTs to
write in mathematics methods courses, analyse the writing of K-6 students, and critically analyse their
own and their classmates’ writing.

Conclusion

The purpose of the study reported in this paper was to explore how PSTs explained their mathematical
reasons for selecting strategies to solve equations that required making either addition or subtraction
calculations. Although varying in complexity, the majority of the PSTs included a reason for selecting a
strategy for solving. The reasons given, varied in their connection to the equation solved. It also showed
that few PSTs included reference to mathematical properties or precise mathematical language in their
responses. Further research is needed to understand why PSTs may not have included these aspects in
their responses. Additionally, studies as to how PSTs engage in non-routine problems where they need
to engage in other kinds of reasoning are warranted as this may impact the elements in their written
responses. Such work may also broaden PSTs understanding as to what mathematical reasoning entails,
which is important to improving mathematics instruction.
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